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Discretized Simulation of Vortex Sheet Evolution
with Buoyancy and Surface Tension Effects

Robert G. Zalosh*
Mt. Auburn Research Associates, Inc., Newton, Mass.

The discrete vortex method previously used by Rosenhead and others to compute the roll-up of a vortex sheet
in a single fluid is extended to the situation in which the vortex sheet is a horizontal interface separating a lighter
inviscid fluid above from a heavier fluid below. The stabilizing effects of gravity and surface tension are in-
cluded in a discretized circulation equation used to calculate the circulations of individual vortices during the
course of the computation. Calculations show the evolution of the interface under stable, unstable, and
marginally unstable conditions as given by linear Kelvin-Helmholiz instability theory. Under stable conditions,
finite amplitude disturbances oscillate with a period slightly larger than predicted by classical theory for in-
finitesimal perturbations. For unstable conditions, the finite amplitude growth rate is much smaller than the
corresponding linearized growth rate for infinitesimal disturbances. Under marginally unstable conditions,
small irregularities along the interface cause numerical difficulties before the maximum disturbance amplitude

and extent of roll-up has been computed.

I. Introduction

HE interfacial instability of a vortex sheet separating two
fluids is a classical problem that has attracted theorists
ever since Kelvin formulated his linear instability analysis
(Chandrasekhar!). Recently, there has been renewed interest
in the interfacial shear instability problem because of its
relevance to oil slick control techniques. Qil droplet for-
mation at the oil/water interface and the subsequent en-
trainment of the oil droplets into the water current are respon-
sible for oil loss under conventional containment booms. The
purpose of this paper is to describe a numerical method that
willl simulate the evolution of a vortex sheet interface under
unstable conditions, and also under the stabilizing effect of
gravity and surface tension. The application of this method to
the contained oil slick problem is presented in another paper. ?
The discrete vortex method developed here is an extension
of a technique used by earlier investigators to simulate vortex
sheets. Rosenhead? first used the discrete vortex method to
calculate the roll-up of a vortex sheeet separating two parallel
streams of the same fluid. Rosenhead’s discrete vortex
simulation showed a vortex sheet with an initial sinusoidal
perturbation rolling up smoothly into periodic spirals with
local concentrations of vorticity. ,

Birkhoff and Fisher® took issue with the assertion that a
vortex sheet in an inviscid fluid can roll-up smoothly with an
indefinite concentration of vorticity. They demonstrated that
the energy invariance of a set of point vortices prevents any
two vortices from getting arbitrarily close to each other. Fur-
thermore, the approach of one pair of vortices must be ac-
companied by the recession of another pair. Birkhoff and
Fisher supplemented their theoretical arguments with their
own version of Rosenhead’s computation. They employed a
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slightly different initial distribution of vortices along the
sinusoidal perturbation, and the time step in their Runge-
Kutta integration routine was smaller than Rosenhead’s time
step. Their vortex sheet at late times was more contorted and
irregular than Rosenhead’s smooth spiral. They conclude that
viscosity is essential to produce a smooth rolling-up of real
vortex sheets. .

Hama and Burke? also obtained a highly irregular vortex
sheet at late times when they repeated Rosenhead’s
calculations. They attempted to suppress the irregularity by
accounting for the nonuniform distribution of vorticity along
the initial sinusoidal displacement of the sheet. By spacing
their vortices unevenly initially, they calculated a smooth
rolling-up process similar to Rosenhead’s configuration.
Hama and Burke conclude that the discrete vortex method can
model the formation of local concentrations of vorticity and
the overall form of the vortex sheet. Abernathy and
Kronauer®. reach a similar conclusion based on their
calculations of vortex street formation using a double row of
point vortices. )

Fink and Soh’ offer an interesting explanation for the late
time chaotic shape of the vortex sheet obtained by Birkhoff
and Fisher* and Hama and Burke® (and observed in several
calculations with the discrete vortex method of the roll-up of
trailing edge vortex sheets behind airfoils). Fink and Soh ex-
plain that the late time randomness is a consequence of the
representation of a continuous distribution of vorticity by a
set of discrete vortices. They show that the Cauchy principal
value evaluation of the Biot-Savart integral for the induced
velocity of a segmented continuous vortex sheet includes a
logarithmic term that is not accounted for in the discrete vor-
tex representation of the sheet. The logarithmic term accounts
for the self-induced velocity of a segment of the vortex sheet,
whereas a discrete line vortex has no self-induced velocity.

The intent in this paper is to formulate and apply the
discrete vortex method for the case where the evolution of the
vortex sheet is influenced by the stabilizing effects of buoyan-
cy and surface tension. Thus, the vortex sheet here coincides
with an interface between two fluids —-for example, the
oil/water interface of a contained oil slick. We accept the late
time inaccuracies associated with the discretization of the vor-
tex sheet. Instead, we demonstrate that the discrete vortex
method is a useful tool for calculating early time disturbance
growth rates and the overall form of the interface for distur-
bance amplitudes outside the realm of linear Kelvin-
Helmbholtz stability theory. )
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According to linear theory! a horizontal vortex sheet in the
x-y plane separating two different inviscid incompressible
fluids streaming in the x direction, will at some time ¢ have a
displacement of the form A4, exp(ikx +nt), where A, and &
are the amplitude and wave number of an initial disturbance
(see Fig. 1). The dispersion relation for 7 is

_ikAU(py —p1) | <k2 (AU)’p,p, ok +gk(ps —p)) ) %
B 2(p; +p2) (o) +py)? p;+p;
(1)

In Eq. (1), AU is the velocity difference across the interface,
p; and p, are the densities of the upper and lower fluids,
respectively, g is the acceleration of gravity, and ¢ is the in-
terfacial surface tension. The relative sizes of the two terms in
the brackets in Eq. (1) determine whether a given disturbance
will grow or oscillate in time. The usual disturbance of interest
corresponds to the wave number &, that maximizes the growth
rate. This critical wave number is

k.=vg (p;—p;)/0 )

Substitution of Eq. (2) into Eq. (1) yields the following
equation for the critical velocity difference, AU,, for a
growing disturbance,

2 +
(AUC)2=i’;’—p—"ilx/ag<pz . 3
P2

Thus, according to linear theory, velocity differences larger
than AU, represent unstable configurations, and velocity dif-
ferences less than AU, are stable. In the following section, the
discrete vortex formulation of this problem is derived. In
Secs. III, IV, and V the results of calculations with the
discrete vortex method for the cases of unstable, stable, and
marginally unstable conditions, respectively, as predicted by
Eq. (3), are presented.

II. Discrete Vortex Method

In the discrete vortex method, one wavelength of the vortex
sheet is simulated by a set of N point vortices (line vortices
lying in the surface of the vortex sheet). For each point vortex
at location (x;,y;), we associated an infinite number of iden-
tical vortices with coordinates (x;+\,y;), (x;£2\y;)...
where \ is the wavelength of the disturbance. The velocity
components induced at the ith vortex by the jth vortex and all
its counterparts at the other wavelengths are?®

- _i sinh k (y;~y;)
Y72\ cosh k(y; —y;) —cos k(x; —x;)

(“a)

Vo= L sin k(x; —x;) @b)
v 2N cosh k(y;—y;) —cos k(x; —x;)

where k=2x/\ is the wave number of the disturbance and I';
is the clockwise circulation of the jth vortex. The velocity
components of the ith vortex induced by all of the other N—1
vortices in the wavelength are )

dx; -
k== g U, (53)
dy; >
V., =—2_ = V. 5b
y= ; f (5b)

Equations (4) and (5) have been written in a coordinate system
moving with the average velocity of the upper and lower
fluids. In this system the velocity components far below and
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Fig. 1 Arrangement of vortices along the wavelength,

above the vortex sheet are

- 1 ~
li U==x — r;, lim V=0 5
m U=l e, co

The spirit of the discrete vortex method is to follow the
motion of all the N vortices by integrating Eq. (5). This
requires a knowledge of the circulations I'; as a function of
time. When the interface separates two different fluids, the
circulations will change because of inertial, buoyancy, and
surface tension effects. We can obtain an equation for the rate
of change of circulation as follows.

The fluids on both sides of the interface are assumed to be
inviscid, incompressible, and have uniform, but different den-
sities. The circulation of the ith elemental vortex is computed
around a circuit that straddles the interface from midway bet-
ween the iand i— 1 vortices to midway between the iand i+ 1
vortices as shown in Fig. 1. The contributions to the cir-
culation along the two sides of the circuit normal to the in-
terface, An;, vanish as An; shrinks toward zero. If V;, and-
V,, denote the tangential velocity components of the upper
and lower fluids, respectively, the clockwise circulation, T';,
of the ith vortex is

Si+1/2
I‘i=S (Vis—Vy)ds )

Si—172

and the rate of change of circulation is

dI‘,- _Ssi+1/2 (dVIS dV2S)

dr si—y2 \ dt dt

_ (dVls dVZs)
AN T) ds

+0(4s;) ¢

1

By

where, As; is the length of the circuit parallel to the interface,
ie., As;=ls;,;—5;_,;|. The time derivatives in Eq. (7) are
Lagrangian derivatives, i.e., they are evaluated moving with

" the ith vortex.

The acceleration terms in Eq. (7) can be evaluated from the
momentum equation for each fluid. For the upper fluid

dVls i apl
ds 3] as

®

It
|
09
25
=)
D

where p; is the local pressure and 6 is the local inclination of
the interface with the horizontal. A similar equation with sub-
script 2 applies to the lower fluid. Substitution of these
equations into Eq. (7) yields.

1 1
as,( L% LOP1Y | g(ag3) ©
p2 s p; Os

dar;,
dr

Before Eq. (9) can be used, the two pressure gradients on the
right-hand side must be evaluated. Under the influence of sur-
face tension ¢ there is a jump in pressure across the interface.

The magnitude of the pressure jump is

p2—p;=—0/R; (10)
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where R; ~*, the local curvature of the interface at the ith vor-
tex, is

o 3%y/0 x?
T+ @yrax) 217 1y

an

i

Differentiation of Eq. (10) provides one equation for the two
pressure gradients. The other equation is obtained as follows:
The velocity of the ith vortex is defined to be the average of
the two local fluid velocities at the interface. Thus the tangen-
tial acceleration of ith vortex is

avi, 1 <dV1S dVZS) 12
dr ~ 2\ dr dr

When the two momentum equations (8) are substituted into
Eq. (12), the following equation results.

1 dp, 1 dp, dVis .
—_——t—— =2 -2 ] 13
o, 35 ' p, 3s a & 13

By solving Eq. (13) and the differentiated form of Eq. (10) for
the two pressure gradients, and placing them in Eq. (9), the
rate of change of circulation is found to be

E =2(P2"P1)
dr prt+p:

A < . 0 +dV,S) 20 As aRi_l
S; sSing; - i
& dr p1+p2 ds

(14)

valid to second order in As;.

Equations (5) and (14) and their auxiliary relations (4) and
(11) represent the basis of the discrete vortex method. They
are integrated numerically to compute the positions and cir-
culations of the elemental vortices as a function of time. For
the problem under investigation, the following non-
dimensional variables are introduced.

vi=T;/AUN, 7=tAU/N, E;=Xx;/\

N, =yi/N u=Vy, /AU, v;=V,/AU,

Ki=AR; ™! (15)
where AU is the nominal velocity discontinuity across the in-
terface. In terms of these variables, the governing Eqs. (5) and

(14) become

_dfi 1 v, sinh 27 (9; —»;)

96 1 16
M= 2;cosh21r(n,~—nj)—cos21r(£,-—$j) (16a)

p=dm_ Iy wsin2n(Ei o) (16b)

dr 2 54 cosh2m (n;—n;) —cos2w (£, — &)
d'Y'. _ 1—-S dl),'
?=(ﬂi+1—ni—1)F’ 2+(m )_&7‘_‘(771'+1“77i—1)
(1-S) du; B
+W5)— ar (§iv1—&in)) —We I(Ki+1_’<i~1) (L6¢)

The three parameters, Fr =2, We !, and § in Eq. (16c) repre-
sent the inverse Froude number, the inverse Weber number,
and the density ratio. They are defined in this problem as

: gnNp2—p;)
Fri=——=>"—7 "'~
(AU)? (p;+p2)
We l=— 7
(0;+02)NAU)?
S=p;/p;
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The initial conditions needed to implement Eq. (16) are the
initial positions and circulations of the vortices. The initial
coordinates (£,,7,) corresponding to a sinusoidal disturbance
at the interface are
§i=I/N, n;=Aosin 27§, (17)
where N is the number of vortices along a wavelength and 4,
is the amplitude of the disturbance.
Small disturbance potential theory can be used to solve for
the local velocity discontinuity across the vortex sheet

corresponding to Eq. (17). The result® in terms of the non-
dimensional circulation v, is

vi=(1-271A, cos 2n§;) /N (18)

Some remarks on the computational techniques used to in-
tegrate Eqs. (16) with initial conditions (17, 18) are in order
here. Equations (16) has been treated as a set of 3N coupled
first-order equations for the 3N dependent variables £;, 7;, v,
1<i=<N. The results presented in the following section were
obtained with N =20 in some cases and N =40 in others.

A fourth-order Runge-Kutta numerical integration scheme
was employed with a time step Ar equal to 0.025 for most
cases. Decreasing this time step to 0.010 resulted in less than a
1% change in the amplitude of the disturbance throughout the
time interval of the computations (7=<1.0). The acceleration
terms in Eq. (16¢) were evaluated as backward time dif-
ferences and the curvatures in Eq. (11) were evaluated by first-
order spatial differences after determining that a second-order
difference algorithm for the curvature did not produce any
noticeable improvement in accuracy.

One measure of the numerical error in the computations is
the change in time of net circulation per unit wavelength. It is
evident from Eq. (9) that the change in net circulation over a
wavelength should be zero. This is also a necessary condition
to maintain the correct induced velocities at infinity ‘as seen
from Eq. (5¢). At each step in the computer caiculations, the
circulations of all the vortices in the wavelength are summed
and printed out. When the sum of the nondimensional cir-
culations +; differs from unity by more than 5%, the
calculations are terminated because of an unacceptable ac-
cumulation of round-off and/or truncation error. The time at
which this occurred for most of the calculations with nonzero
values of Fr —? and We ~/ was about 7= 1.0. Presumably, this
is the time at which the chaotic motion of the individual vor-
tices, as discussed in the Introduction, causes the calculations
to break down in the sense that they no longer simulate a con-
tinuous vortex sheet. Usually, the sum of the circulation was
within 1% of unity for all but the last few time steps.

In most of our calculations the wavelength A of the distur-
bance corresponded to the critical wave number k. given by
linear theory. This requires that the relationship between in-
verse Froude and Weber numbers is

We !{=Fr=%/4r? (19)

We also made some calculations with other wavelengths and
observed that the disturbance growth rate was less than the
growth rate for condition Eq. (19).

In the following sections, we compare our calculations of
the evolution of the interface with predictions of linear
stability theory. In terms of our non-dimensional parameters,
the critical inverse Froude number, Fr. =2, given by Egs. (3
and 19) for the onset of the instability is

Fr.?=xS/(1+85)? (20)

Thus, linear stability theory predicts that infinitesimal
disturbances will grow exponentially in time for Fr=?<
Fr.~2, and will oscillate for Fr ~?> Fr. ~2. Our calculations
demonstrate how finite amplitude disturbances behave for

various values of Fr =2,
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III. Vortex Sheet Instability in a Uniform Fluid

For the situation in which a vortex sheet is embedded in a
single uniform fluid (S=1 and Fr?=We~'=0 in our
notation), dy;/dr=0. This is the same case that Rosenhead, ?
Birkhoff and Fisher,* Hama and Burke,® and Fink and Soh’
previously investigated with the discrete vortex method. The
only difference between their calculations and ours for this
case (besides the numerical integration routine and the time
step), is that now the circulations vary along the wavelength
according to Eq. (18) instead of being uniform.

The evolution of an initial disturbance with amplitude 4,
equal to 0.10 is shown in Fig. 2. It is clear from Fig. 2 that the
proper initial circulation distribution Eq. (18) produces a well-
behaved smooth roll-up and concentration of vorticity at the
midpoint of the wavelength. The profile of the interface at 7
=0.8 closely resembles the profile obtained by Hama and
Burke at an equivalent time. They simulated the proper initial
circulation distribution by arranging their vortices at 7=0
with an unequal spacing along the wavelength.

The rolled-up vortex sheet corresponding to7=0.8 in Fig. 2
has the same qualitative features exhibited by finite shear
layers at moderate-to-large Reynolds numbers. Brown and
Roshko® have published some excellent shadowgraphs
illustrating the structure of the turbulent mixing layer between
two different gas streams. The shadowgraphs clearly show the
regular rolled-up structure of Fig. 2 for intermediate times
before small-scale turbulence dominates the flow. More
recently, Patnaik et al. have presented the results'® of finite
difference calculations of stably stratified horizontal shear
layers. Their calculated isopycnic contours for Reynolds num-
bers (based on layer thickness) of the order of 100 show a
rolled-up structure similar to, but not quite as convoluted as,
the last vortex sheet in Fig. 2.

It would be misleading to continue the calculations much
further than the time corresponding to the last profile in Fig.
2. At this time, the vortices have migrated close enough
together that numerical difficulties associated with the
singularity in Egs. (16a and 16b) begin to occur, unless the
time step is reduced drastically. Although the vortex sheet
roll-up process is well underway at the time corresponding to
the last profile in Fig. 2, the question remains as to how long it
will continue to roll up. Brown and Roshko’s experiments®
with vorticity layers of finite thickness show that, at large
downstream distances (presumably equivalent to late times in
the present transient analysis), there is an amalgamation of
adjacent vortices. In both the roll-up and amalgamation
stages, fluid is entrained into and across the region of con-
centrated vorticity. )

In Fig. 3, the early time growth rate of the disturbance is
plotted for comparison with linear stability theory. The or-

Fig. 2 Evolution of interface for
Fr=2=0,5=1,N=20, 4,=0.10,
and A7 =0.025.
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dinate in Fig. 3 is the natural logarithm of the ratio of the am- .
plitude of the disturbance (maximum of the absolute value of
n) at time 7 to the initial amplitude A4,. Linearized theory
predicts an exponential growth rate, which in this plot appears
as a straight line of slope «. Our calculations with N=40 and
A,=0.01 resulted in a growth rate that corresponded to a
slope of 3.0, about 4% less than the linearized theory growth
rate. This slightly lower growth rate is analogous to Daly’s
Marker and Cell Code calculations!! for a Rayleigh-Taylor
instability. Daly also found that his growth were lower than
those predicted by linear theory.

The growth rate for the initial disturbance 4,=0.10, as
shown in Fig. 3, is lower than the A,=0.01 growth rate. The
amplitude history for the A, =0.10 case has been plotted in a
linear scale as the top curve in Fig. 4. It is evident from the
Fr—2=0 curve in Fig. 4 that the growth rate is linear instead
of exponential for times less than 7=0.4. The time (7 = 0.4) at
which the amplitude starts deviating from a linear growth rate
corresponds to the time at which the interface begins to roll
over and become double values in x (Fig. 2).

Some confirmation of the linear growth rate obtained here
at early times for finite amplitude disturbances can be found
in the experimental results of Brown and Roshko.? The latter
observed that the mixing layers spread linearly with distance
from some virtual origin x,. The rate of spread for the case S
=1 observed by Brown and Roshko was

AU
=0.38 : (21)

X=X U1+U2

Where U; and U, denote the upper and lower stream
velocities. If we make the transition from spatial instability to
temporal instability by assuming that disturbances are con-
vected downstream at the average velocity, 2 (U, + U,), then

1.20r
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Fig. 3 Amplitude growth rate for Fr 2 =0, S=1, N=40, and A7
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Fig. 4 Amplitude growth rate for unstable (top curve), marginally
stable (middle curve), and stable (lower curve) configurations.
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the Brown and Roshko result (Eq. (21)) becomes
A=0.19 AUt 2)

By measuring the slope of the top curve in Fig. 4, the am-
plitude growth rate calculated here is seen to be

A=0.25 AUt 23)

IV, Stabilizing Effects of Surface
Tension and Buoyancy

Under the influence of surface tension and buoyancy, the
evolution of the interface is dramatically different from the
single fluid vortex sheet situation. The effect of finite Weber
and Froude numbers on the development of the disturbance
amplitude with time is shown in Fig. 4. The lower two.curves
in Fig. 4 represent Fr=2=1 and 3, and Weber numbers
corresponding to the most unstable wavelength as predicted
by linear theory, i.e., Eq. (19). The amplitude grows slightly
at first and then oscillates in time for Fr =2 =1 and 3. Both the
period of oscillation and the maximum amplitude seem to
decrease as the inverse Froude number Fr ~2 increases.

The trends in Fig. 4 are in qualitative agreement with linear
stability theory. According to linear stability theory, the
critical Froude number separating monotonic growth from
oscillatory behavior is given by Eq. (20). For a density ratio,
S, of 0.9, Fr. ~2 is 0.783. Thus, the top two curves in Fig. 4
fall on either side of the critical Froude number case.

The profile of the interface at various times for Fr 2=3, S
=0.9 is shown in Fig. 5. The interface retains its sinusoidal

_ shape, and there is no evidence of the roll-up shown in Fig. 2
for Fr =2 =0. The points on the profiles in both Figs. 2 and 5
have been connected by straight lines and there are some small
scale bumps on the profiles. Possibly, a more sophisticated
numerical method for connecting the vortices and calculating
curvatures, such as the techniques used by Daly,'* would
eliminate these bumps.

Some insight into the smoothing effect of surface tension
on the interface can be ascertained from Fig. 6. In Fig. 6, two
interfaces are shown at time 7 =0.50, for Fr ?=1and $=0.9.
The interface depicted as the top curve in Fig. 6, has evolved
under the constraints of surface tension (We~!=0.025),
whereas, the bottom interface is free of surface tension effects
(We~!=0). The damping effect of surface tension on the
small scale disturbances is readily apparent. Daly '’ has ob-
tained analogous results in his numerical computations of the
effect of surface tension on the Rayleigh-Taylor instability.

It is interesting to compare the computed periods of
oscillation for stable conditions with the periods predicted by
linear theory for infinitesimal perturbations. For the com-
bination of parameters corresponding to the lower curve in
Fig. 4, linear theory, i.e. Eq. (1), predicts a nondimensional
period, T, equal to 1.20. The time between peaks in the lower
curve in Fig. 4, A7=0.70, corresponds to one-half a period.
Thus the computed period, T=1.40, is larger than the linear
stability theory period, 7=1.20. The discrepancy is not sur-
prising since the computed period is for an initial amplitude
A, of 0.10, which should place it outside the realm of linear
theory.

The computed amplitude variation with time for a stable
configuration consisting of the parameters Fr =2 =10, We =/
=0.253, $=0.90 and for an initial amplitude 4,=0.01,
within the realm of linear theory is shown in Fig. 7. The com-
puted period of oscillation for this case, T=0.625, is within
7% of the period predicted by linear theory, T=0.585.

V. Marginally Unstable Case — Instability Criteria

For infinitesimal disturbances, linear Kelvin-Helmholtz
stability theory predicts a clear demarcation (Egs. (3 and 20))
between stable and unstable conditions. When the distur-
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Fig.5 Evolution of interface for Fr 2 =3, §=0.9,4,=0.10.

We '=.025

80 io

0 20 40 60
X/

Fig. 6 Effect of Weber number on shape of interface. Both inter-
faces are shown at 7 =0.5 for Fr 2 =1,5=0.9, 4,=0.10.

bances have grown to finite proportions, the situation is more
complicated, and the distinction between a stable and an un-
stable interface can become nebulous. The classical concept
that disturbance amplitude is the measure of stability can be
misleading, since the amplitude is bounded, even in unstable
situations. For example, the middle curve in Fig. 4 (Fr—?
=1), which represents slightly unstable conditions, indicates
that the amplitude reaches a maximum value and then begins
to oscillate. Patnaik et al. observed similar results for finite
amplitude Kelvin-Helmholtz waves in which viscosity
replaced surface tension as a stabilizing factor.

Drazin'* examined finite amplitude effects with buoyancy
and surface tnesion by perturbing the linear solution about
the critical velocity (Eq. (3)). For the situation in which p; —
05, Drazin derived a solution for the amplitude which in-
dicated that the disturbance should become periodic in time
even for velocities slightly larger than the critical velocity
given in Eq. (3). Drazin finds that an infinitesimal per-
turbation will eventually oscillate with a maximum amplitude,
A ..., which in our nondimensionalization scheme is given by

(Amax/N) 2 =16(Frr!/? =2) /107? 24)

The wave number and Weber number corresponding to
Drazin’s solution are given by Egs. (2 and 19).

When the initial perturbation is small but finite, Drazin’s
solution ‘indicates that the disturbance should eventually
oscillate at a maximum amplitude somewhat less than Eq.
(24). The period of oscillation should be long, approaching in-
finity for the critical Froude number, Fr,? =4/7=1.273.
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Fig. 7 Amplitude variation with time for Fr =2 =0.10, We ' =
0.253,5=0.90, 4, =0.01.
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Fig.8 Evolution of interface for Fr —2 =0.7,5=0.99, 4, =0.05.

We have attempted to confirm Drazin’s predictions by com-
puting the evolution of a marginally unstable configuration
with §=0.99 and Fr? = 1.438. According to Drazin’s analysis,
Aax /N should be somewhat less than 0.138 for these con-
ditions. The computed evolution of the interface, starting
with an initial amplitude A, equal to 0.05 is shown in Fig. 8.
As the disturbance amplitude increases, the interface steepens
and vorticity becomes concentrated, but at a much slower rate
than in the case without buoyancy and surface tension (Fig.
2). The last interface, which corresponds to a time 7 =0.6, has
a maximum nondimensional amplitude equal to 0.12, which,
so far, is in accord with Drazin’s analysis. Unfortunately, the
interface at this time has small bumps that lead to erroneously
large curvatures in the surface tension term of the circulation
equation. The interface at later times (not shown in Fig. 8)
becomes even more contorted and the numerical error bound
on the net change in circulation over a wavelength is exceeded.

It is clear that the difficulties encountered by previous prac-
titioners of the discrete vortex method have set in at 7=0.6 in
this particular calculation, and confirmation of Drazin’s
predicted maximum amplitude is impossible. Several different
ad hoc techniques®”!’ have been suggested to suppress the
irregularities associated with the discrete vortex method.
However, most of these suppression measures apparently in-
troduce some diffusion of vorticity, either along or away from
the vortex sheet. Perhaps a more promising technique for
dealing with small-scale irregularities in future work is to
adopt the continuous vortex sheet formulation of Zaroodny
and Greenberg. !¢

For oil/water interfaces, where instability is interpreted as
fluid entrainment across the interface, this author has re-
sorted to a semi-empirical technique for describing the late-
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time evolution of the interface. This approach, which is
described in Ref. 2, is based on the experimental observation
that interfacial steepening and roll-up is a prelude to drop for-
mation. Thus, an empirical criterion has been established for
detecting the onset of drop formation, and for smoothing the
interface to simulate the detachment of the drop. A more
general droplet formation/detachment analysis is still lacking
and would require an improved understanding of three-
dimensional interfacial instability.

VI. Conclusions

The preceding calculations have demonstrated how the
discrete vortex method previously employed by Rosenhead
and others to compute vortex sheet roll-up can be extended to
study the behavior of an interfacial vortex sheet in the pres-
ence of surface tension and gravity effects. Based on com-
putations with the discrete vortex model for different con-
figurations, the following conclusions can be drawn.

1) For unstable conditions as predicted by classical Kelvin-
Helmholtz instability theory, finite amplitude disturbances
grow at a much smaller rate than infinitesimal disturbances.
In fact, the initial growth rate is linear instead of exponential.
The linear growth rate computed here is consistent with the
experimental observations® of an initially linear rate of
spread in turbulent mixing layers.

2) Shear instability manifests itself in the form of vortex
sheet roll-up with accompanying entrainment of fluid into
and across the region of concentrated vorticity.

3) For stable combinations of Weber number, Froude
number, and density ratio, finite amplitude disturbances
oscillate with a slightly longer period than predicted by
classical instability theory. In two different sample cases,
computed periods were about 14% and 7% larger than given
by linear theory.

4) In accord with linear theory for infinitesimal per-
turbations, the period of oscillation of finite amplitude distur-
bances increases as neutral stability conditions are ap-
proached.

5) For marginally unstable conditions as given by linear
theory, the disturbance amplitude first increases, but then ap-
pears to reach a maximum value. However, small-scale .
irregularities develop on the interface and prevent the
calculations from being carried out long enough to accurately
compute the value of the maximum amplitude and whether or
not the interface will roll-up.
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